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ON CERTAIN HOMOTOPY PROPERTIES OF SOME SPACES OF
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ABSTRACT. Let K be a proper rectilinear triangulation of a 2-simplex
S in the plane and L(K) be the space of all homeomorphisms of S which
are linear on each simplex of K and are fixed on Bd(S). The author shows
in this paper that L(K) with the compact open topology is simply-connected.
This is a generalization of a result of S. S. Cairns in 1944 that the space
L(K) is pathwise connected. Both results will be used in Part II of this
paper to show that 770(L 2) = 771(L2)= 0 where Ln is a space of p.l. homeo-
morphisms of an n-simplex, a space introduced by R. Thom in his study of
the smoothings of combinatorial manifolds.

In his study of the smoothings of Brouwer manifolds, S. S. Cairns considered

a space of triangulations of a 2-simplex. He showed that two isomorphic (recti-
linear) triangulations of a 2-simplex S, each having only three vertices on
Bd(S), may be deformed continuously onto each other (1], [2]. To be more
precise, we shall let S be a fixed 2-simplex in the Euclidean plane. For a sim-
plicial subdivision K of §, let L(K) be the space of all homeomorphisms from

S onto S which are linear on each simplex of K and are pointwise fixed on
Bd(S§). We shall give L(K) the compact open topology. Furthermore, a simpli-

cial subdivision K of S is called a proper subdivision if K has only three
vertices on Bd(S). Cairns’ theorem may then be stated as follows: If K is a

proper subdivision of S, the space L(K) is path-connected. In this part of the

paper, we shall prove the following.

Main theorem. For any proper subdivision K of S, the space L(K) is sim-

ply connected.

Using this theorem, we shall show in Part Il [5] that ﬂO(Lz) = ”I(LZ) =0
where L is a space of p.l. homeomorphisms on an z-simplex, the space intro-
duced by R. Thom [7] and studied by N. H. Kuiper [6) in connection with the
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smoothing problems of combinatorial manifolds. The homotopy groups ﬂk(Ln)
are defined to be the inductive limit of 7, (L(K))’s with respect to the directed
system of all subdivisions K of the n-simplex.

We shall prove our main theorem by inductive arguments on the number of
vertices of K. In $1, we shall collect some of the necessary preliminaries. In
$2, we shall describe a process, by which a space L(K) may be related to a col-
lection of spaces {L(KZ.)§ where each K, is a subdivision of § with a fewer num-
ber of vertices than K. This makes the induction possible. In §3, we shall show
that by an inductive argument our main theorem may be reduced to a simpler state-
ment—instead of deforming loops in L(K), we need only establish the existence
of certain paths in L(K). The reduced statement will be proven in $4 by another

induction.

1. Preliminaries. In the following, we shall let S be a fixed rectilinear
2-simplex in the Euclidean plane. All subdivisions of § are simplicial. If K is
a subdivision of S and v a vertex of K, we shall let St(v, K) and Lk(v, K), or
simply St (v) and Lk (v) denote the star and the link of v in K respectively. A
subdivision K of S will be called proper if it has only three vertices on Bd ).
If K is a subdivision of S, a linear homeomorphism from K to § is a homeomor-
phism from the space S into itself whose restriction to each simplex of K is af-
finely linear. Clearly each linear homeomorphism from K to § is completely
determined by its image of the vertices of K. We shall use L(K) to denote the
space of all linear homeomorphisms from K to S which are pointwise fixed on
Bd (S) together with the compact open topology. Note that the space L(K) is
metrizable, say with a metric Y/, g) = max{d(f), g))|v an inner vertex of K}
where an inner vertex of K is a vertex of K which is not on Bd(S) and the metric
d is the sup-metric of the Euclidean plane, i.e., d((xl, xz), (yl, yz)) =
max, ;5 by =l

We also note that for each subdivision K of S, the space L(K) may be
identified with a subset of R” for some 7. This can be seen as follows, since
each element of L(K) is completely determined by its image of the inner vertices
of K. If an ordering is assigned to the inner vertices, say v, Uy, ** 5V, of K,
each [ € L(K) may then be identified by the point (/(v,), f(v,), - -+, f,)) € R?
x R? x +++x R?2 (k copies). Since K has only finitely many inner vertices, it
can be shown that if the position of f(vz.) for each inner vertex v, of K is given
a sufficiently small pertubation, the resulting linear map will still be injective
on each star of the vertices of K, hence, will be an element of L(K) (cf. Lemma
2.1 of [5]). This shows that the space L(K) may in fact be identified with an

open subset of R%k. We may therefore consider L(K) as an open submanifold

of some Euclidean space.
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We now list some of the basic properties of the spaces L(K) which will be
used later.

Remark 1.1. Observe that if K' is a subdivision of K, then L(K) C L(K').
The inclusion map is a homeomorphism of L(K) into L(K').

Remark 1.2. For each [ € L(K), the set {f(0)| o € K} also forms a subdivision
of S, which will be denoted by f(K). It is easy to see that for each [ € L(K), the
spaces L(K) and L(/(K)) are homeomorphic (the map: L(f(K)) — L(K) carrying
each g of L(f(K)) onto gf in L(K) is clearly a homeomorphism).

Definition 1.3. A subdivision K of S is said to be decomposable if there
are vertices v _, v,, v_ of K such that

a’"b’ ¢

1. At least one of these three vertices is an inner vertex of K.

2. The 1-simplices (v , v, ) (v,, v.) and (v, va) all belong to K but the
2-simplex (v, vy, vc) does not belong to K.

In this case, the triangle (v , v, UC> is called a pivot triangle of K.

Proposition 1.4. If K is a decomposable subdivision of §, L(K) is homeo-
morphic to a Cartesian product L(KI) X L(Kz) where K, and K, are both sub-
divisions of S with a fewer number of vertices than K. In fact, the number of

vertices of K equals the sum of those of K, and K,.

Proof. If K is decomposable with a pivot triangle (V> Vs V) WE shall
let K, be the subdivision of § which agrees with K outside the region (v, v,,
v_) and on that region, we require (v, v,, v_) to be a 2-simplex of K,. Let K,
be a subdivision of S which is isomorphic to the subdivision given by K on the
triangle (va, Ups vc). Clearly, L(K) is homeomorphic to L(KI) X L(Kz) and if
k, k, and k, represent the number of inner vertices of K, K, and K, respectively,
then &, k|, k, >0 and k= ki+ ky.

On the other hand, if the subdivision K is indecomposable, we shall show
in the remaining part of this section that the space L(K) must contain certain
“nice’’ elements. We shall call a polyhedral disk strictly convex if it is convex

and no three of the vertices on its boundary lie on a straight line.

Proposition 1.5. Let K be a proper indecomposable subdivision of §, for
each inner vertex v, of K, there is an [ € L(K) such that St (fvg), fK)) is

strictly convex.

Proof. Let H = K-{o € K| v, is a vertex of o}. Note that § - |H| =

St(vo, K). We want to find a linear homeomorphism [ from H into § such that
/1 Bd(S) = identity and S — f(|H|) is strictly convex. Such an f will be defined
inductively. First, let H= {0 € K| o lies on Bd($)} and fy: H, — S be the
identity map on H . Suppose we have already defined a subcomplex H _of H
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containing H, and a linear homeomorphism f from H  into § such that

1. For each simplex o of K, if all the vertices of o belongto H , then o
must itself be a simplex of H .

2. [ | H, = identity map.

3. Each component of § - /n(I Hnl) is strictly convex.

If there is a vertex v of H_ which lies on Bd (s-1 Hnl) but not on
Bd (S - |H|) = |Lk(v, K)|, we may always construct a subcomplex H _ , of H
into S such that the

1
conditions listed above are all satisfied if n is replaced by n + 1. We first de-

strictly containing H, and a linear homeomorphism /n+1 from H

fine a complex H’: =H_ ulo K| o lies on St (v, K)}, then let H, ., =10 €K|

all vertices of o are in Hr: }. Note that Hn+ is a subcomplex of H strictly con-

1
taining H .

We now define /n+1 by first defining a linear map /r: H': — § as follows:
let /r: |H, ={,. As for H,: -H,

has fn(v) as a vertex on its boundary is a strictly convex polyhedral disk. De-

note that the component of § — /n(IHn|) which

pending on the situation, we shall define fr: in one of the following manners:
adding the remaining part of St (v, K) inside and along the edges of that convex
disk, or connecting St (v, K) to some other vertices on the boundary of that disk
and thus cutting the disk into two or more convex regions, or filling up the whole
disk. In each case, we may define an injective linear map /’: from Hr: into §

in such a way that each component of S~/ (|H |) is a strictly convex disk.
Since each simplex o of H __, has all its vertices in H’:, /7: extends uniquely to
— S. Note that the map f, ; is still injective. Each

n+l
component of § - /n+l(|Hn+l|) is still strictly convex, for the extension only fills

a linear map f ,: H

up certain components of § —/;(]H,;l), or cuts some component into two or more
convex regions.

Continuing this process, we finally obtain a complex H C H and a linear
homeomorphism [ : H — § satisfying the three conditions listed above together
with the condition:

4. Each vertex of H_ which lies on Bd (§-|H_|) also lies on Bd(S - |H|)
= |Lk(v, K)|.

We now show that under these conditions H = H. First observe that condi-
tion 4 implies that S - le| has only one component. Then, note that each vertex of
Lk(vo, K) must also lie on Bd (S - |Hm|), for otherwise, there must be two ver-
tices v, v, €H which are consecutive on Bd (S — |Hm|) but not consecutive on
Lk (vo, K). Therefore, (vor Vs vb) must be a pivot triangle. This contradicts
the fact that K is indecomposable. Hence, Bd(S - !Hm|) = |Lk (vo, K)| and H

must contain all the simplices ¢ € K which does not have v, as a vertex.

Hence, H_=H and { : H — S is clearly a desired map.
m m
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Using this method, we may in fact prove a stronger statement. Roughly speaking,
for two suitably chosen inner vertices v, and v, of an indecomposable subdivi-
sion K, we may find a map f € L(K) such that both St (/(uo), A(K)) and
St (/(vl), fK)) are strictly convex. There are certain restrictions on the vertices
v, and v, for the existence of such amap f € L(K). We need the following con-
cept to formulate these restrictions.

Definition 1.6. Let K be a subdivision of S. Two vertices Vs Uy of K
such that v, ¢ §(vb, K) are called a binding pair if one of the following holds.

1. Lk(va) N Lk(vb) is disconnected.

2. Lk (va) N Lk (vb) is connected but contains three or more vertices of K.

Otherwise (i.e., when both 1 and 2 are false), these two vertices are said to
be a nonbinding pair.

We note that if V., U, are a binding pair of the subdivision K, it is impos-
sible to find a map f in L(K) such that both St (/(va), f(K)) and St (/(vb), f(K))
are strictly convex, for the strict convexity of one of these regions clearly forces
the other to “‘cave in.”’ It turns out that this is the only restriction for the exis-

tence of such a map. In fact, we have the following

Proposition 1.7. Let K be a proper indecomposable subdivision of S, (2
v, be inner vertices of K such that v ¢ S_t(vo) and v, v, are a nonbinding
pair. One may always find a map f € L(K) such that both St(f(v ), {K)) and
St(f(v,), AK) are strictly convex.

We shall outline a proof of this proposition. Suppose K, v, v, satisfy the
hypothesis of the proposition. Let H= K- {0 € K| o has either v, or v, as a
vertex}. We therefore want to find a linear homeomorphism / from H into S such
that /| Bd(S) = identity and S — f(|H|) consists of two strictly convex regions.

By the same argument as in the proof of 1.5, we may construct inductively a
subcomplex H_ of H and a linear homeomorphism [ : H ~—S such that

1. For each simplex o of K, if all the vertices of o belong to H_, then o
must itself be a simplex of H_.

2. Bd(S)C|H | and [ |Bd(S) = identity.

3. Each component of § - /m(|Hm|) is strictly convex.

4. Each vertex of H_ which lies on Bd(S - |H_|) also lies on Bd(S - |H|)
= |Lk(vy, K)| U |Lk (v, K)|.

By condition 4, one sees that § - |Hm| can have only one or two components.
Suppose there are two components. Since (S - |H|) C (s - |Hm|), these two com-
ponents must contain St(v,, K) and St (vl, K) respectively. Then by condition
4 again, we conclude that Hm = H, for otherwise, we can always construct a

pivot triangle and get a contradiction (cf. the proof of1.5). Hence, [ = gives rise

to a desired map.
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Suppose § - |Hm| has exactly one component. Then § - IHmI is a polyhe-
dral disk containing both St (vo, K) and St 1» K}« By condition 4 and the as-
sumption that K is indecomposable, we see that Bd(S - |H_|) intersects each of
Lk(vo, K) and Lk (vl, K) in an arc. Using the fact that vy, v, are a nonbinding
pair and condition 4, we may define a map f: # — S from f by adding the im-
age of those simplices in H — H  inside the convex disk S —/f (|4 |) in such a
way that the disk is cut into two convex regions. This then gives rise to a de-
sired map. A detailed proof of this proposition (by a different method) can be

found in [3). It may also be proven in a more general setting [4].

2. The reducibility of the space L(K). Let K be a subdivision of S. In
this section, we shall first show that for each inner vertex v, of K, a subspace
Lv,-(K) of L(K) may be defined such that Lvi(K) and L(K) have the same homo-
topy type. We shall then show that for a suitably chosen vertex v, the space
Lvi(K) may be considered as the union of a finite collection of spaces {L(K )}
where each K. is a subdivision with a fewer number of vertices than K. This
makes it possible to adopt the induction argument in the proof of our main theorem.

Notation 2. 1. Let P be a polygonal circle in R? (i.e., P is a simplicial
complex in R? and |P| is homeomorphic to the 1-sphere s1. Let [P] be the
union of |P| and the bounded component of R? — |P|. For each 1-simplex v, vy
of P, we shall use HP<UI, v,) to denote the open half-plane of R? such that

1. (v,,v,) lies on Bd(HP(vl, ”2))‘

2. HP<U1’ v,) (the closed half-plane) contains a neighbourhood of (v 1 Usy)
in [PL

Definition 2.2. Let P be a polygonal circle in R% We define the core of P,
cor(P), to be the set cor(P) =1 {H v )](u 2 V) is a 1-51mplex of Pi.

Remark 2.3. Observe that for a polygonal c1rcle P in R?, cor(P), being the
intersection of a collection of convex sets, is convex. Furthermore, if cor(P) #
&, then for any point y € cor (P), y * P, the join of y and P, forms a triangula-
tion of the region [P].

Remark 2.4. Suppose that v, is an inner vertex of a subdivision K and f €
L(K). We note that cor (Lk (/(vo), (K £ &, for /(vo) is itself a point of that
set. We further note that if g: K — S is a linear map with g(v) = f(v) for all ver-
tices v # v, of K, then the necessary and sufficient condition for g to be an ele-
ment of L(K) is that g(v,) € cor (Lk (f(v ), /(K))).

Definition 2.5. Let K be a subdivision of S. For each inner vertex v, of K,

we shall let L (K) or simply L (K) be the subspace of L(K) consisting of all

elements f € L(K) such that /(v ) is located at the centroid of the set

cor (Lk (f(w i)’ FM.
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Proposition 2.6. For each inner vertex v of K, L (K) is a deformation re-
tract of L(K); hence, L (K) and L(K) are of the same homotopy type.

Proof. We shall define a deformation D of L(K) onto LO(K) as follows.
For each f € L(K), let w, be the centroid of the bounded convex set
cor (Lk (/(vo), f(K))). Now for each ¢ in the unit interval and each [ € L(K), we
let D(z, ) be the element of L(K) such that, for each inner vertex v of K,

D(t, Nw) = () if v #v, and D(s, /)(UO) =tw, + (1- t)/(vo). Since each element
of L(K) is completely determined by its image of the inner vertices of K and
since, for each [ € L(K), cor(Lk(f(v), f(K))) is convex, D(¢, f) is indeed a well-
defined element in L(K) by 2.4. The continuity of D may be proved easily by
using the metric on L(K) given in SI.

We shall now show that for a sufficiently nice inner vertex v, of K, the
space LO(K) may be split into a union of spaces {L(Kl.)} where each K; is a
subdivision with a fewer number of inner vertices than K.

Definition 2.7. Let P be a polygonal circle and v be a vertex of P. Using
the notations of 2.1, we define the wedge at v with respect to P, W _(P), to be
the set WU(P) =H, (v, v1>u HP<U, v,) where v, and v, are the two vertices
which are next to v on P.

We also define the complementary wedge at v with respect to P, CW (P),
to be the set CWU(P) -N {HP(UZ., v].)| (v, v].) €EP but v ¢ @ u].)}.

Remark 2.8. (a) Observe that for any polygonal circle P and any vertex v
of P, cor(P)=W (P)N CW (P).

(b) If v is a vertex of P such that v € CW_(P), then P U {v * 8| 8 € P but
v is not a vertex of 8} also forms a triangulation of the region [P}. This tri-
angulation is said to be obtained by starring v with respect to P.

Definition 2.9. Let P be a polygonal circle. A vertex v of P is said to be
accessible on P if v ECWU(P).

Let K be a subdivision of S. Observe that for each inner vertex v, of K,
Lk (uo) is a polygonal circle. We may therefore speak of the accessibility on
Lk (v ) for vertices of Lk (v ).

Remark 2.10. Let K be a subdivision of $ and v be an inner vertex of
K. Suppose that v, is a vertex of Lk (1) accessible on Lk(v). Then by 2.9 and
2.8(b), we may obtain another subdivision K' of S from K as follows. Let K’
agree with K outside the region St (v, K) and on that region, let K' be the tri-
angulation obtained by starring v, with respect to Lk (v, K).

K' is called a subdivision obtained from K by collapsing v to Ve K’ has

. . 1
one fewer vertex than K since the vertex v is no longer a vertex of K'. Also

. . o e . . '
note that if K is a proper subdivision, so is K.
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Proposition 2.11. If K' is the subdivision obtained from K by collapsing
some vertex v to an accessible vertex v, € Lk (vo, K), the space L(K') may be
imbedded as an open subset of the space LO(K) such that, for an element [ €
LO(K), [ belongs to the image of the imbedding if and only if /(Ui) is accessible
on Lk (/(UO), f(K)).

Proof. Let P =Lk(v,, K). Note that P is also a subcomplex of K'. We
claim that, for each /' € L(K"), cor(f'(P)) £ &. To see this, we first note that
for each l-simplex (v , v,) of P such that v, # v, or Vpo (Vs Uy V) is a 2-
simplex of K'. Hence, /'(u )€ H/ I(p)(/'(v ), /'(v )). Since this is true for each
such l-simplex, /"(ui) ECW/ (v (/ (P)). Also note that CW (v; (f (P)) is an
open set in the plane and W/:( (/ (P)) contains points arbltranly close to the
point [ (v) hence, cor (/' (P))— / w; (/ (PYn CW/ . (/ (P) £ &.

We can now define an imbedding of L(K ) into L(K) by sending each [’ €
L(K") into the map / € L(K) where fw) = [ W) for each vertex w of K such
that w # v, and f(v,) lies at the centroid of cor (f {(P)). The position of )
ensures us that [ € LO(K).

This is indeed a well-defined map from L(K') into L (K) and it is injective,
for the image of the vertices of a map determines the map completely. Using the
metrics on L(K) and L(K') given in §1, one sees immediately that this map is
in fact a homeomorphism into.

To see the image of this imbedding, we note that for any ' € L(K'), /'(v )
€ CW/,( (f (P)) since for each l-simplex (v, v,) of P suchthat v, v, or

b’ (/(v ) /(v ) /(v ) is a 2-simplex of f(K' ) Hence, ['(v ) is accessxble on
{'(P). But the correspondmg f under the imbedding agrees thh /! entirely on
P. Therefore, /(vz) is also accessible on f(P) =Lk (f(vo), f(K). Conversely, if
flw)) is accessible on Lk (f(v,), f(K)), the region St (/twy), f(K)) may be retri-
angulated by collapsing /(vo) to /(vi\ so that it becomes the image of an element
/' € LIK'). Clearly, the imbedding carries [’ to f.

To show that the image of L(K') under the imbedding is open in L (K), we
let / € L (K) be a map such that f(v,) is accessible on f(P). It is clear that for
amap g €L (K) such that g(v) is close enough to f(v) for all vertices v € K,
g(vi) is also accessible on g(P). This shows that any map g close enough to f
in the metric space L (K) is also in the image of L(K'). Hence, the image is
open.

Remark 2.12. The imbedding of L(K') into L ,(K) described in the preceding
proof will be called the canonical imbedding. In the following, if K’ is a sub-
division obtained from a subdivision K by collapsing some inner vertex v, of K,

we shall consider L(K') as a subset of L o{K) via the canonical imbedding of
L(K') into L olK).
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Before we may establish our condition on the reducibility of the space L(K),

we first need a lemma.

Lemma 2.13. If P is a polygonal circle with 5 or fewer vertices, at least

one of the vertices is accessible on P.

Proof. The lemma is easily seen to be true if P has only 3 or 4 vertices,
for P is then a nondegenerate triangle or a quadrangle (not necessarily convex).
In either case P has at least one accessible vertex.

When P has 5 vertices, P is a pentagon. Since the sum of all the interior
angles of a pentagon is 37, the possible shapes of P may be divided into the fol-
lowing four cases: (1) All the interior angles of P are less than 7. (2) Exactly
one of the interior angles, say the angle at the vertex v, is greater than or equal
to 7. (3) Two nonconsecutive interior angles, say those at v, and v,, are
greater than or equal to 7. (4) Two consecutive interior angles are greater than
or equal to 7. A picture in each case shows immediately that in case (1) all the
vertices of P are accessible; in case (2), the vertex v, is always accessible;
in case (3), one of the vertices v, and v, is accessible and finally in case (4),
the (unique) vertex of P which is not next to any of the two consecutive vertices

is always accessible.

Corollary 2.14. For any polygonal circle P in R? with five or fewer ver-
tices, cor(P) £ 8.

Proof. We have just shown that for such a P, there is always a vertex v of

P such that v € CW _(P). But CW (P) is an open set in R? and the set W (P)
contains points arbitrarily close to v, hence cor(P) =W _(P)N CWU(P) £ 3.

We may now establish our condition on the vertex v, so that the space LO(K)
is reducible (see Proposition 2.16).

Definition 2.15. Let K be a subdivision of S. For each vertex v, of K, we
define the incidence number of v, in K, denoted by m(vl.) or simply m_, to be
the number of vertices in Lk(vi, K) (hence, also the number of 1-simplices of K

incident on vl.).

Proposition 2.16. Let K be a subdivision of S with n inner vertices. Let
v, be an inner vertex of K such that

1. the incidence number my of v, <5;

2. St(vy, K) is strictly convex.
Then LO(K) may be written as the union of a collection of open subspaces
iL(KZ.)} where each K, is a subdivision obtained from K by collapsing the ver-

tex v, to a vertex on Lk(vo, K). (Hence, the collection {L(Kl.)f consists of at

most five elements and each subdivision Ki bas exactly n— 1 vertices.)
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Proof. Since St(vo, K) is strictly convex, each vertex v, on Lk (vo) is acces-
sible on Lk (vo). By 2.10, a subdivision K, may be formed for each v, € Lk(uo)
by collapsing v, to v,. Proposition 2.11 shows that each space L(Ki) may be
considered as an open subset of LO(K) and that an element [ € LO(K) belongs to

L(Kl.) if and only if /(vl.) is also accessible on Lk (/(vo), f(K)). But 2.13 ensures
us that for each map f € LO(K), at least one of the vertices on Lk(/(vo), AK)) is

accessible., Hence the space LO(K) is completely covered by the collection
{L(K )1

We shall now show that for a proper subdivision K of §, there is at least
one inner vertex with the incidence number < 5. The proof depends on the fol-

lowing

Cominatorial Lemma 2.17. If D is a polybedral disk in R* (i.e., D is a
simplicial complex imbedded in R? such that the underlying space |D| is a topo-
logical disk), then

> 6-m)=6+ X (m;-4)

v,= inner vertex of D v, e Bd(D)

where for each vertex v, m; = number of 1-simplices of D incident on v,.

Proof. Let s, t, n and k be the number of the 2-simplices, l-simplices, in-
ner vertices of D and vertices of D lying on Bd (D) respectively. We shall now
establish the following relations:

1. (n+ k) —t+s=1.

2, 3s=2t—k.

3. 2t= EvieD m;.

The first equation is clear since the Euler characteristic of |D| is 1. For
the second equation, if we multiply the number of 2-simplices of D by 3, we are
counting each of those l-simplices of D lying on Int|D| twice and each of those
lying on Bd(|D|) only once. But the number of 1-simplices of D lying on
Bd(|D|) is also k. Hence, 3s = 2(t — k) + k=2t — k. The third equation is clear,
for if we sum up the number of 1-simplices incident on v, for each v,, we are
counting each l-simplex of D exactly twice.

Now, from equations 1 and 2, we have
n+k)-3t+Qt—k)=3 or 3n+2k-t=3.

Multiplying it through by 2 and using equation 3, we have

6n + 4k — Z mi=6

v.eD
i€
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("ig"‘“" 6)+ (vie§(|D|)4)— (vizeDMi) o

2 6-m)=6+ X (m,-4.

vl.eIntlDl v, eBd (D)

Hence,

Corollary 2.18. For each proper subdivision K of S with at least one inner

vertex, there always exists an inner vertex v, of K with my<5.

Proof. A proper subdivision K of S has only 3 vertices on Bd(S). For each
of these vertices v, € Bd($), m;> 3 since K has at least one inner vertex.

Hence, the combinatorial lemma above reduces to 2 6 - mz.) >3, From

v; inner
which the corollary follows.

As an application of the machinery developed so far, we shall give another
proof of the Cairns’ result on the connectivity of the space L(K) for a proper sub-

division K of § [1], [2].

Proposition 2.19. For each proper subdivision K of S, the space L(K) is

path-connected.

Proof. We shall prove this by induction on the number of inner vertices of K.
The proposition is trivially true if the number is one, for in that case L(K) is
home omorphic to Int(S). Now consider a proper subdivision K with » inner ver-
tices. We may assume that the subdivision K is indecomposable, for otherwise
by 1.4, the induction may be completed immediately. By 2.18, we may choose an
inner vertex v, of K such that m < 5. Using 1.5 and then 1.2 if necessary, we
may assume that St (vo, K) is strictly convex. Now we may use 2.16 to write the
corresponding space LO(K) into a union of at most five spaces L(Kl.) where each
K, is a proper subdivision of § with only n ~ 1 vertices.

We now claim that the intersection of these spaces is nonempty. Let e be
the element of LO(K) such that e(v) = v for each vertex v # v, of K and e(vO) =
centroid of cor (Lk (vo)), then every vertex on Lk(e(vo), e(K)) is accessible
since the set St(e(vo), e(K)) is strictly convex. Therefore, e belongs to L(Kl.)
for each K. and hence N L(Ki) £ &.

Applying the induction hypothesis on the spaces L(Kl.), we immediately get
the path-connectedness of the space LO(K). But LO(K) and L(K) are of the same

homotopy type, hence, L(K) is also path-connected.

3. A reduction of the main theorem. In this section we shall show that our

main theorem may be reduced to a statement which asserts only the existence of
certain paths in the space L(K) for some special subdivisions K of S. The re-

duced statement may be stated in the following form.
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Theorem A. Let K be a proper subdivision of S, v
such that my =4 and St(v,, K) is strictly convex. For each [ € L(K) with

an inner vertex of K

St (/(vo), AK)) strictly convex, there exists a path y in L(K) from the identity
element e € L(K) to f such that, for each t € I, St (yt(vo), yt(K)) is strictly con-

vex.

We now show that our main theorem may be proved by assuming the validity
of Theorem A. Theorem A will then be proved in the next section.

We shall use induction on the number of inner vertices of K. If K has one
inner vertex, L(K) is clearly simply connected, for the space L(K) is contract-
ible. We now consider a proper subdivision K with » inner vertices. By 2.18,
we may choose an inner vertex v, of K such that the incidence number my <5.
Using 1.4, we may clearly assume K to be indecomposable. In particular, this
shows mg =4 or 5 since the incidence number of any inner vertex is clearly at
least 3 and, if m; =3, Lk(vo, K) would have been a pivot triangle. Now applying
1.5 and 1.2 if necessary, we may assume that St (vo, K) is strictly convex.

Since the space L(K) and LO(K) are of the some homotopy type, we need
only show the simple connectedness of LO(K). We shall take as the base point
of LO(KY the element e € LO(K) where eo(v) = v for all inner vertices v £ v
and eo(vo) = the centroid of cor (Lk (vo, K)). By 2.16, LO(K) may be written as
the union of a collection of open subsets {L( Kl.)f where each K. is a proper sub-
division obtained from K by collapsing the vertex v, to a vertex v, in Lk(vo, K).
Note that e € L{K} for each i.

We shall first consider the case when m, = 4. In this case the space LO(K)
is covered by four path-connected (2.19) open subsets {L(Ki”?:l with e, €
ﬂ;‘=1 L(Kl.). Since each K, is a proper subdivision with n — 1 vertices, each
L(Ki) is simply connected by the induction hypothesis. Hence, if we can further
prove that the intersection of each pair L(KZ.) N L(K].) is also path connected,
applying the usual Seifert and Van Kampen theorem, we may immediately conclude
the simple-connectedness of LO(K) and thus settle the case for m, = 4. The path-

connectedness of each intersection is proven in the following lemma.

Lemma 3.1. For each pair of distinct vertices v, v; on Lk (vy, K, L(Kl.) N
L(K].) is path-connected.

Proof. Since St (vo, K) is assumed to be strictly convex, by 2.11, an element
fe LO(K) belongs to a subspace L(Ki) if and only if the vertex /'(vz.) is acces-
sible on Lk (/(UO), /(K)). Let v v, be two distinct vertices on Lk(vo, K). We

now consider the intersection L(Ki) N L(K].).

First consider the case when Vs U, are two nonconsecutive vertices on
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Lk (vo, K). Since m, = 4, Lk (vo, K) is a quadrilateral. Observe that on a
quadrilateral, if one of its vertices is accessible, its opposite vertex must also
be accessible. This implies that L(Kz.) = L(K)N L(K}.). The intersection is
therefore path-connected by 2.19.

Now consider the case when Uiy

v; are two consecutive vertices on
Lk (UO’ K). Observe that in a quadrilateral, two consecutive vertices are aces-
sible if and only if the quadrilateral encloses a strictly convex region. Hence,
Lk (Ki) N Lk (K].) consists of all maps [ € LO(K) such that St (/(UO), f(K)) is
strictly convex. By Theorem A, any map [ € L(K) C L(K) with St(f(v,), f(K))
strictly convex may be connected to the identity element e € L(K) by a path a
in L(K) such that, for each ¢, St(a (vy), a,(K)) is strictly convex. Let r: L(K)
— Lo(K) be the retraction. Then ra is a path in L,(K) connecting [ to the
element e,. This shows that L(Ki) N L(Ki) is path-connected for two consecu-
tive vertices v, v; on Lk (”0’ K). This settles the case for my = 4.

We shall now consider the case when m, = 5. To facilitate the reduction,
we need a slightly modified version of the Seifert and Van Kampen theorem. A

proof of which will be given in the appendix.

Theorem 3.2 (Seifert and Van Kampen theorem). Let X be a topological
space with a base point x. Suppose that X is covered by a collection {Ua}a €A
of simply-connected open subsets with x, € ﬂam U, and that there exists a
subset | CA x A with the properties:

1. Foreach (i,j)e], u,n U, is path-connected.

2. For any pair (a, b) € A x A such that (a, b) ¢ ], there exists an index
i €A such that both (a, i), (i, b) € |] and U,NU,CU,. Then the space X is
also simply connected.

Note that in the above theorem we do not require the collection {Ua§a €A tO
satisfy the finite intersection property or the path-connectedness for the inter-
section of each pair of the open sets U ’s.

In our case, the space L,(K) is covered by five path-connected open sub-
sets {L(K))}, one for each vertex v, of Lk (v, K), such that the element e, €
N L(Kz.)- Since each subdivision K; has only n - 1 vertices, by the induction
hypothesis, each space L(Kz.) is simply connected. We shall now let | be the
set of all ordered pairs (i, j) of indices such that v;, v; are nonconsecutive

vertices on Lk (uo, K). Suppose that we can establish the following two lemmas:

Lemma 3.3. For each pair of nonconsecutive vertices v, v on Lk (vgs KD,

L.(Kz.) N L(K].), as a subspace of LO(K) through the canonical imbedding, is
path-connected.
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Lemma 3.4. For any pair of consecutive vertices v_, v, on Lk (Vo’ K), let
v; be the (unique) vertex of Lk (vo, K) which is nonconsecutive to either v, or

v,. Then LK) nL(K,)C L(K).

Then by Theorem 3.2, we may conclude the simple-connectedness of LO(K).
Thence, the case for m; = 5 will also be settl(-;:d.

Proof of Lemma 3.3. We shall prove this lemma by constructing a path-con-
nected space B (with the help of Theorem A) and a continuous map j: B — L(K)
such that j(B) = L(K)) N L(Kj).

1. To define the space B, we shall first construct a subdivision K’ of §
by retriangulating the region St (vo, K). B will then be a subspace of L(K').

Now v, v, are two nonconsecutive vertices on Lk (vo, K) and my=5. Let
v, be the vertex on Lk (”0’ K) which is next to both v; and v, Let v,, v_ be
the remaining two vertices on Lk (vo, K) such that v, is next to v,. Finally,
let P be the polyhedral circle Lk (vo, K) and Q be the polyhedral circle with
the I-simplices (v, v].), (v Vo) (Ve Yy ) and (v, v,). Q is not a subcomplex
of K, for (v,, V) ¢ K.

We shall define a subdivision K’ of S by requiring K’ to agree with K out-
side the region St(v, K) and on that region (note: it is strictly convex by the
hypothesis), we first require (v, v, v;) to be a 2-simplex of K'. On the remain-
ing part of St (vo, K) (i.e., the part enclosed by the polygon Q), we choose an
arbitrary point v, in the interior of that region, then triangulate it by starring
vo' with respect to Q. Note that this does give a subdivision of S and both P
and O are subcomplexes of K' (in fact, QO becomes Lk (v,, K). Also observe

! . . .
that St (v, K) is strictly convex and in K, myy = 4.

Now, let B be the subspace of L(K') consisting of those f € L(K') such
that f(St (vol, K") is strictly convex. Observe that Theorem A claims exactly
that B is a path-connected space.

2. To define the map j: B — LO(K), note that for each f € B, f(P) is a
polyhedral circle with five vertices, hence, by 2.14, cor(f(P)) # &. Therefore,
there exists a map | € LO(K) such that [ (v) = f(v) for each vertex v # v, in K
and /_(vo) = the centroid of cor(f(P)). Now, define j(f) = [ Clearly, j is a con-
tinuous map: B — L(K).

3. We now show that j(B) C L(Ki) N L(Kj) as subsets in LO(K), ie., if [ €
LO(K) equals to j{f) for some element f/ € B, then both /_(Ui)’ f(v].) are acces-
sible on [ (P). Let us first consider f_(vi). We want to show that /—(vi) €
CWI—(vi)(f(P))- Since [ agrees with [ on all vertices v # v, this is the same
as showing that f(v) € CW/(v,-)(/(P))‘

Now, (v,, v, v].) is a 2-simplex of K', so /(vl.) € H/(P)(/(va), /(vj)) (for this




ON CERTAIN HOMOTOPY PROPERTIES. 1 227

notation, see 2.1). On the other hand, f € B implies that f(Q) encloses a convex
region, hence, /(vl-) € H/(p)(/(v,.), /(vc)) n H/(p)([(vc), /(vb)). Therffore, /(Ui) €
CW/(UI,)(/(P))- A similar argument applies for the accessibility of /(v].) on 1 (P).

4. Finally, we need to show that j(B) D L(Kl.) N L(Kj). Suppose.that [ €
LO(K) is an element of L(Ki) N L(K].). We now construct a map f: K' — § by
letting f(v) = f (v) for each v # v, and f(v,) = the centroid of cor(f(Q)). Note
that the accessibility of both [ (v,), /(v ) on [ (P) forces the l-simplex (f(v)),
f(v]» to lie on the region enclosed by /(P) Hence, f is a well-defined map in
L(K"). Clearly, j(/)=].

To show that / actually belongs to B, we need to show that f(St(v, K"))
is strictly convex, i.e., the interior angle of f(Q) at each vertex is less than 7.
The fact that f(v,) = 7 (v,) is accessible on [ (P) implies that the interior angle
of f(Q) at f,) must be less than 7. It also implies that fw) e H/(P)(/(v ), f(v )
= H/(Q)(f(v )s f(v ), hence, the interior angle of f(Q) at /(v is also less than
m. A similar consideration on f(v ) implies that the interior angles of f(Q) at
the other two vertices, namely /(vl) and f(vc) are also less than 7. This finishes
the proof of Lemma 3.3.

Proof of Lemma 3.4. Let the remaining two vertices of Lk (vys K) be de-
noted by v, and v,- Consider an element f € L (K) such that both /(v ) and
/(v ) are acce331ble on Lk (/(vo) f(K)). We shall show that f(v ) is also acces-
sible on Lk (/(u ), f(K)). Observe that the accessibility of a vertex w on a pen-
tagon forces the interior angles of the pentagon at the two vertices next to w to
be less than 7. In our situation, the interior angles of Lk (f(v), f(K)) at the
vertices [(v ), f(v), fv,) and fv,) are therefore all less than 7. The remaining
vertex /(v ) is clearly accessible on Lk (f(wy)s f(K)).

4. Proof of the reduced statement. To facilitate the proof. We shall intro-
duce some more notations. Let v, be an inner vertex of a subdivision K. We
shall denote by M(K, v) the subspace of L(K) consisting of all elements f €
L(K) such that St (/(vo), f(K)) is strictly convex. Our Theorem A is then clearly
a consequence of the following.

Theorem A'. Let K be a proper subdivision of $s v, an inner vertex of K

such that m, =4 and St (UO, K) is strictly convex. The space M(K, vo) is path-
connected.

1 . . .
We now start our proof of Theorem A’ by induction on the number of inner

vertices of K. The theorem is vacuously true if there is only one inner vertex.

We now consider a proper subdivision K with » inner vertices which has an in-
ner vertex v, with m, = 4 and St(v o) strictly convex. The path-connectedness

of M(K,v,) will be proven in the followmg four steps:
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I. We shall show that the space M(K, vo) is path-connected if K and v,
satisfy the following three further conditions:

1. K is an indecomposable subdivision.

2. For each inner vertex v; €Lk (”0’ K), m; > 5.

3. There exists an inner vertex v, ¢ S_t(vo) such that m; <5 and v, v,
are a nonbinding pair.

II. We shall show that if K and v, satisfy conditions 1 and 2 of Step I, the
condition 3 is automatically satisfied.

III. We shall then establish the path-connectedness of M(K, v,) when K is
a decomposable subdivision.

IV. Finally, we shall show that M(K, v) is path-connected if there exists
an inner vertex v, € Lk (”0’ K) with m; < 4.

Step 1. If v, v, are any two inner vertices of K such that v; ¢ ST(Ui), we
shall use M, (K v; ) or simply M (K, v ) to denote the subspace M(K, v ) N
L, (K) of L(K) where L, (K) is the space introduced in Definition 2.5. Note
that MK, v; )isa deformatlon retract of M(K, v; ), for restricting the deformation
D: L(K) — Lv’,(K) described in 2.6 to the subspace M(K, v,), we clearly get a
desired deformation carrying M(K, vi) onto M].(K, vi). In particular, to show the
path-connectedness of M(K, vi), one need only find an inner vertex v; ¢ S_t(vl.)
and show the path-connectedness of M_ (K, v,).

Let K, v, satisfy the three conditions given in Step I and let v, be an in-
ner vertex of K described in condition 3. We shall show the path-connectedness
of M(K, v,) by showing the path-connectedness of the space 'le(K, vl

Similar to Remark 1.2 for the space L(K), we observe that for each [ € L(K),
the space M(K, v,) and M(f(K), f(v,)) are homeomorphic. Hence, applying 1.7
and 1.2 if necessary, we may assume that St (vo, K) and St (vl, K) are both
strictly convex. Then we observe that the splitting of the space LUI(K) into a
union of open subspaces described in 2.16 induces a splitting of the space
M, (K, v )— U M(K;, vy) where each K; is a subdivision of S obtained by col-
lapsmg the Vertex v, to a vertex v; on Lk (vl, K). Hence, there are at most five
such spaces M(Kl., ”0)‘ Each K; is a proper subdivision with only n — 1 vertices
and, for an element [ EMUI(K, Uo)’ [ belongs to M(Kl., vo) if and only if [(vl.) is
accessible on Lk (/(vl), f(K)).

Let ¢’ be the element of L (K) determined by e'(v) = v for all vertices v
of K such that v # v, and e'(vl) is located at the centroid of the set
cor(Lk (v, K)). Note that e’ €M, (K, vy), for Stle'(vy), e'(K)) = Stlvg, K) is
strictly convex. Also note that e' 6M(K ;> vg) for each i, because

St(e'(w,), e"(K) = St (v, K) is also stnctly convex and therefore, ¢'(v,) is ac-
cessible on Lk(e'(y 1), e'(K)) for each i. Now by induction hypothesis, each
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M(K , vo) is path-connected and e’ € ni M(Kl., vo). Hence, the space le(K’ vo)
= Uz. M(Ki, vo) is also path-connected.

Step II. In the following, let K and v, satisfy the conditions 1 and 2 listed
in Step I. We shall first give a criterion for a vertex to form a binding pair with

Z/o.

Lemma 4.1. For any vertex v, ¢ S—t(uo) of Ky v, forms a binding pair with
v, if and only if Lk (ua) N Lk (”0) is disconnected.

Proof. 1If v, vy are a binding pair and Lk (va)ﬂ Lk (vo) is connected, then
from the definition of binding pairs, Lk(va) N Lk (uo) must be a polygonal chain
of at least 3 vertices. Consider any vertex v, of this chain which is not at the
end of the chain. v, must be an inner vertex of K with m, = 4. This contradicts
condition 2 of Step I.

The converse follows directly from Definition 1.6.

Lemma 4.2. K and v also satisfy condition 3 of Step 1 if there is a vertex

v, 4 S_t(vo) such that v, v, form a binding pair.

Proof. Let v, be such a vertex. By 4.1, Lk (vo) N Lk (vp) is disconnected.
Observe that no two vertices which are consecutive on Lk (vo, K) can belong to
different components of Lk (vo) n Lk (vp), for if there were such vertices, say
v, and v, then (Vs Vs V) would have become a pivot triangle in K. This
would contradict condition 1 of 1. Therefore, Lk(vy) N Lk(v,) must consist of
exactly two components; each of which consists of a single vertex, for Lk (vo)
contains only four vertices. Let v_, v, be the two vertices in Lk (vo) N Lk (vp)-
Let v, be the unique vertex on Lk(v,) such that the region D, enclosed by the
1-simplices (z/p, vk (vs, v ) (vb, pt) and (vl, vp) does not contain the vertex
vy

By the same observation made above, if there is any vertex v € Int (Dp)
such that Lk(vy) N Lk (vq) is disconnected, the set Lk(v,) N Lk (uq) must con-
sist of exactly two components. These two components will have to be the ver-
tices v_ and v,. Since there are only finitely many vertices in the region Dp,
we may assume, by relabelling v and Dp if necessary, that for each vertex
v, €lInt (Dp), Lk(vo) N Lk (vq) is connected.

Now, for each vertex v, of Dp, let m,; be the number of 1-simplices of DP
incident on v,. Note that Vpr Vpp V) and v_ are the only vertices of Dp lying

on Bd (DP)’ we have, by the Combinatorial Lemma 2.17.

> (6—m'i)=m'+m;+m'b+m't—10.
vielnt(Dp)

14
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Note that mS' and mt' both > 3 since they are clearly at least 2 and if one of
them equals to 2, v, will have to be a vertex in Lk(v ), and hence, in Lk (vo)
N Lk (v ) This contradicts the fact that Lk (v )N Lk (v ) = {v s vl}. We also
claim mp > 3, for otherwise, (u yUg) € D and St (UO’ K) cannot be strictly con-

vex. Finally, by condition 2 of I, we clearly have m, ' > 4. Therefore,

Y (6-m)>3+3+4+3-10=3.
velnt(D,)
Hence, there exists at least one vertex v, € Int (D ) such that ml' <5, Bemg
a vertex in Int(D ), v, has to be an inner vertex of K and clearly, m, = m1
Furthermore, by the assumption made above, Lk (vo) N Lk (v ) is connected,
hence, by 4.1, v, and v, are a nonbinding pair. Thus, COndlthﬂ 3 of I is sat-
isfied.

The general case in our Step II then follows from the following lemma.

Lemma 4.3. For the given K and v, we can always [ind an inner vertex

v, ¢'§E(v0) with mPSS.

For if the vertex v, in the above lemma forms a nonbinding pair with v,
we just take v, to be the vertex v, in condition 3 of I and there is nothing fur-

ther to prove. However, if v, and v; are a binding pair, Lemma 4.2 settles

the case completely. ?

Proof of Lemma 4.3. Since K is a proper subdivision, there are only three
vertices on Bd(S). Let ey, €y and e, be these three vertices. For each i, we
shall let m_ be the number of l-simplices of K incident on e, Since K and v,
are assumed to satisfy the conditions 1 and 2 of Step I, we may claim that
23 m, >12. This follows from a case by case study on all the possible sub-
dxvxsxon; with m_, <12, Observe that for K to have any inner vertices at all,
each m, , must at least be 3. For the sum 2?21 m, < 12, the subdivision K must be
one of the following three cases.

a. X My = 9. This happens if and only if K has exactly one inner vertex.

b. = m,. = 11. Note that the number of inner 1-simplices of K incident on
each vertex e, must be respectively 1, 2, 2 (not necessarily in that order).
This happens if and only if K has only two inner vertices. The incidence num-
ber of these two inner vertices must be 3 or 4.

c. = m, . = 12. In this case K may have any number (greater than 2) of
inner vertices. But since the numbers of inner 1-simplices incident on the ver-
tices e, must be either 1,2, 3 or 2, 2, 2, there must be inner vertices v, v,,

v, of K, each of which is connected to one or two of the ei’s such that the

subdivision K is obtained by possibly further subdividing the triangle (v Vs

v,)
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Note that in each of these cases, either it is impossible to have a vertex
v, with my =4 or one of the conditions 1 and 2 of Step I is not satisfied by K
and v,. Hence, we may assume 2 mg > 12,

We then apply the Combinatorial Lemma 2.17 to § to get

> (6—ml.)=6+<i mei)—12'>6,

vielnt S) i=1

We now have assumed that m, = 4 and, for each inner vertex v, € Lk (vo, K,

0
m_.> 5. There are at most four such v s, hence,

> (G—mi)>6— > (6-m)>6-2-4=0.
. = — -
v, inner ¢St (vo) v; inner € St (v()

Therefore, there is at least one inner vertex v, 4 S—t-(vo) for which m, <5.

Step III. We now show the path-connectedness of the space M(K, vo) when
K is a decomposable subdivision. Suppose (v, v,, v_) is a pivot triangle of
K. We shall let K; be the subdivision of § which agrees with K outside the
region (va, Vy» vc) and contains (Vg Vs v )as a 2-simplex. Let K2 be a sub-
division of § which is isomorphic to the triangulation on (va, vy UC) inherited
from K. As we remarked in the proof of 1.4, L(K) is homeomorphic to the Car-
tesian product L(Kl) X L(Kz). To be more specific, let h;: Ky — (v, v, v,)
be the linear homeomorphism which carries the three vertices €1, €y, €3 of §
onto v, v,, v_ respectively. We see that each { € L(K) corresponds to a pair
(f1> f,) € L(K)) x L(K,) as follows: f, is the map which agrees with { outside
the region (v, v , v ) and is linear on that region. f, is the composite b, -
(/|(va, Up» UC» - b, where b, is the unique linear homeomorphism from (/(va),
/(vb), /(vc)) onto § carrying the vertices f(va), /(vb), /(1)c) respectively onto
€1, €y, €, of §.

Returning to our proof, we first note that the vertex v, cannot be one of the

0
vertices Vg Vpr Vo for otherwise, say Vg =V then by the definition of pivot

triangle, vy and v, must be nonconsecutive vertices on Lk(vo, K), hence,

St (vo, K) cannot be convex. Therefore, will have to be either inside

v
Int @, v,, v_)or completely outside the :losed triangle (v, v,, v ).

In the first case, one sees that St (/(vo), /(K)) is strictly convex if and only
if St (fz(vo), /Z(KZ)) is strictly convex, for the strict convexity is preserved by
the linear homeomorphism 5,. This means that M(K, vo) is homeomorphic to
L(K,) x M(K,, v,). Hence, M(k, v) is path-connected because L(K,) is path-

connected by 2.19 and M(K,, v,) is path-connected by the induction hypothesis.

In the second case, i.e., the case vy d (va, Ups vc), we have similarly
M(K, vy) = M(K |, 1/0) x L(K,). Hence, M(K, v,) is also path-connected. This
finishes Step III.
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Step IV. We now consider the case when there is an inner vertex v, €
Lk (vo, K) with m; < 4. By Step IIl, we may assume m; # 3, Hence, m =4. Let
v,, U, be the two vertices just next to v; on Lk(vo) and v, be the remaining
vertex of Lk(vo). Since v; € Llf(z/o) » Uy, Vg, V. must all be vertices of Lk(vi).
Let v, be the unique vertex of Lk (vi) which is not on S—t(vo). Observe that v ,
vy, V., and v, form a polyhedral circle in K which is the boundary of the star of
the closed 1-simplex (v, ul.) in K. Let P be this polyhedral circle.

Since St (vo, K) is strictly convex, the open segment (va, vc) is contained
in cor(P). Therefore, we may modify the subdivision K to a subdivision K’ of
§ by eliminating all the simplices of K containing either v, or v, as a vertex
and then inserting an l-simplex (v, v_) inside P. P is also a subcomplex of K'.

We shall describe an imbedding of the space L(K') into M(K, vo) such that
the image of the imbedding is a deformation retract of M(K, vo). This will clearly
finish our proof, for the space L(K') is path-connected by 2.19.

For each ' € L(K'), note that cor(f'(P)) always contains the open segment
(/'(va) ,/'(vc)). As a consequence, for each [, the set K(f') = cor(f'(P)) N
(f’(ua), /'(vc), /'(vd» is nonempty. We now define an imbedding of L(K') into
M(K, UO) by sending each f' € L(K") onto a map /€ L(K) to be defined as fol-
lows: First let f(v) = f'(1) for all vertices v # vy or v; and let /'(vl.) be located
at the centroid of the set K(/'). This defines [ for all vertices of K except Vg,
in particular, [ is defined on Lk(vo, K). Observe that /(vi) € K(f') implies that
/(Lk(vo, K)) bounds a strictly convex region in the plane. We then simply define
/(vo) to be the midpoint of the segment (/(va) ’/(Uc))' This clearly defines an im-
bedding of L(K') into M(K, UO)-

Let M be the image of this imbedding of L(K'). Then M consists of all
those f € M(K, v;) such that f(v)) lies at the centroid of the set K(f) = cor (f(P)) N
(/(va), /(vc), /(vd)) and/(vo) is at the midpoint of (/(ua), /(uc».

It is not difficult to show that M is a deformation retract of M(K, UO)’ We
need first define a deformation D, which moves, for each [ € M(K, vo), the vertex
/(vo) to the midpoint of the segment (/(va), /(vc)). Note that the centroid of the
set K(f) may now be reached by /(vz.). Then let D, be the straight line homotopy
which carries /(Ui) to the centroid K(f) for each f. The composition D,D, isa
desired deformation.

This finishes Step IV. The proof of Theorem A’ is now completed.

5. Appendix. We now give a proof to the modified Seifer-Van Kampen theorem
(Theorem 3.2) which was used in the paper.

Let y: I — X be an arbitrary loop in X based at the point x,. Let 0= ¢,

<t;<t,<...<t =1 be an arbitrary subdivision of the unit interval I such that
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the length of each closed subinterval Ii = [tz._ Ty tl.] is less than the Lebesgue
number of the open covering {f~ 1(Ua)| a € A} of I. Foreach i=1,2,.--,n,
choose an open set U, such that Y) CU, . Note that each endpoint y(z,) €
1
v, Nnu, fori=1,2,..4,n-1
1 i+l
Now for each i, if (al., al.+l) ¢ ], fixa b, €A such that both (a,, b,) and

(b,, a,,,) belong to | and uai N um1 CU, . In particular, y(e) € U, N uai+1

N Ubi‘ Let 5 be a positive real number so small that
L. 3, <‘/mm(|t =t qls 1 = 2D
2. )[z -3, ¢ +8]cu N U, N,
+

Then in the original subdnus 1on drop ¢; and msert t, =1~ o, tiy= 1t 3, and
la

let Uai, Ub,w Uai+ be the open sets correspondmg to the intervals lt TR 1,
v a

[tia, tib], [tib’ ti+1]' Since there are only finitely many ti s to consxder, we may
assume, after relabelling the t.’s if necessary, that for each i=1,2 i, n-1,
y(t)eU .ﬁU a; 41 and (a a; )6]

Now choose a path g, in U ; nu, il for each i1=1,2,.-+, n~-1 joining
the point x to the point y(t) Let Y denote the path in X represented by yll
for each i= l 2, +++, n. Then each of ylgI , glyzgz , gzysg3 sty

n__zyn_lg"_ 1 81V, is aclosed path, contained in a single open set Uai and

their product in the given order is homotopic to y in X. Since each of these loops
is homotopic to the constant loop as the set U_ . is simply connected, the loop y
. . 1

is therefore homotopic to the constant loop.
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